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Abstract 
This thesis presents the analytical, numerical, and experimental study on mismatch strain related 
problems.  Three problems are analyzed: self-assembling of polymer thin film, failure of nanotube 
and nanorod silicon anodes in lithium batteries and modified failure criterion for earthquake 
distribution along the earth depth.  
The first chapter discusses analytical and experimental results of self-assembling of thin films 
made from Polydimethysiloxane (PDMS)/SU-8 mixture. Material properties can be changed by 
ultraviolet (UV) light exposure. Gradients of material properties, swelling ratio and young’s 
modulus, leads to self-assembling in Toluene solution. An analytical model based on beam theory 
and principle of minimum potential energy was used to predict the folding directions. In order to 
have a better control of the folding mechanism, ABAQUS models were developed and 
experiments were conducted with different UV exposure patterns to calibrate both diameters of 
patterned polymer rolls and angles of partially patterned polymer after assembling. With results 
from calibration, more complex structures, such as one-degree-of-freedom origami, were designed 
and fabricated. 
The second chapter gives failure analysis of nanotube and nanorod silicon anodes in lithium 
batteries. Silicon is a promising material for lithium batteries with greater energy density. 
However, silicon has up to 400% volume dilation after lithiation. Large deformation causes 
mismatch strain and stress between lithiated silicon and non-lithiated silicon and leads to 
functional failure eventually, especially under repeated lithiation-delithiation cycles. New 
structures have been proposed by different researchers to avoid functional failure of silicon anodes. 
A nanotube structure was proposed and compared with previous nanorod structure.  ABAQUS 
models and analytical models were developed to study stress and strain evolution during lithiation 
process in both nanorod and nanotube structures. Low- cycle fatigue theory was used to explain 
failure of both structures.  
In the last chapter, a modified Mohr-Coulomb failure criterion is developed to explain earthquake 
frequency distribution along the earth depth. It was found that earthquake happened more 
frequently around 20 and 600 kilometers. To explain the distribution, a new model based on 
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mismatch strain between crust and mantle was proposed by geologists. In their model, crust and 
mantle had different volume reduction at different depth of the earth. Stress in crust was caused 
by the mismatch between crust and mantle and varied along the depth. A failure criterion was 
required to determine if the fracture happened. A nonlinear Mohr- Coulomb failure criterion was 
developed. The criterion states that ultimate shear stress of rocks will be increased by raising the 
hydrostatics pressure. It is promising to explain earthquake distribution along the earth depth with 
stress distribution data from ABAQUS model. 
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Chapter 1 : Self-Assembly of PDMS/SU-8 Films 
1.1 Introduction 
Self-assembly in general sense can be defined as the spontaneous transformation from single 
designed building blocks to more complex structures without human intervention[1][2].  It is a 
very ubiquitous phenomenon in nature, for example self-assembly of protein arrays[3]. Self-
assembly has been extensively investigated for its promising application nanoscale 
fabrication[4][5] and microfluidic study[6][7]. Researchers have developed various ways to trigger 
self-assembly with capillary forces[5][8][9], epitaxial mismatch strains[10][11], and differences 
in swelling[12]. Gradient in material properties through thin plates and beams was proposed as 
another method for self-assembly. Difference in material properties caused by the gradient leads 
to different volume expansion. The mismatch in expansion results in twisting or folding of the 
material[7][13]. The gradient can be introduced by ultraviolet exposure by photo-lithographic 
methods.  
Motala and Yuan[14][15] developed a new polymer film with PDMS and SU-8. Two materials 
were mixed with certain mass ratio. Thin films were fabricated by spincoatting. Since SU-8 was a 
UV sensitive material, the film would have gradients of material properties (swelling ratio in 
solvents and young’s modulus) after UV exposure. Due to swelling ratio difference in Toluene 
solution, mismatch strain was induced and made polymer films to fold in the solution. It is a 
promising material for controllable self-assembly because UV exposure can be deliberately 
controlled by lithographic technology. In order to have better understanding and control on this 
self-assembly method, an analytical model for folding direction prediction, a computational model 
for the final shape prediction and basic experimental calibration are essential.  
In previous work, Perlitz[16] developed a computational model and an analytical model for final 
shape prediction.  The analytical model adopted solutions of composite laminates experiencing a 
temperature change from Hyer[17] and Shokrieh[18]. The model used the homogenous and 
anisotropic assumption for top layer of the polymer films. Effective elastic modulus and effective 
swelling strain were calculated for the analysis.  The model could match results from 
computational models with respect to swelling strain. However, there was a large difference with 
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respect to young’s modulus. Timoshenko has addressed the bimetal strip bending caused by 
thermal expansion[19]. However, his solution assumed plane stress and plane strain conditions 
and was the same for two conditions. In this work, an analytical model based on beam theory and 
principle of minimum potential energy is developed. Generalized plane strain condition, which is 
a more accurate approximation, is assumed for the analysis. The model has better agreement with 
the results from computational models.  
Some experimental calibration regarding the radius of curvature and folding angle was carried out 
for the further application of this self-assembly method. Experiment setup and procedures were 
adopted from Motala. However, extra UV exposure from natural light was controlled more strictly. 
It improved the consistency of the experiment. Additionally, cutting fixtures for samples were 
designed to enhance the efficiency of sample preparation. Based on the calibration results, more 
complex structures, for example one-degree-of-freedom Origami, were explored and fabricated.  
1.2 Analytical model for predicting folding directions 
To have a better understanding of this folding mechanism, an analytical model was developed to 
predict folding directions. Beam theory and principle of minimum potential energy were applied. 
In this section, the model will be demonstrated and the results will be discussed.  
1.2.1 Simplified geometry  
Motala and Yuan developed the methods to fabricate the PDMS and SU-8 polymer thin films and 
introduced material property gradients onto them by UV exposure. The procedures were repeated 
with better natural light control, which will be illustrated in the subsection 1.3.1. To characterize 
the geometry of polymer, the samples were immersed in fluorescence solution (Rhodamine 6G 
0.1mmol/L) for 12 hours. The material difference in the polymer films gave different absorption 
of fluorescence solution, which enabled us to visualize the material property gradients under the 
fluorescence microscope with different light filters. The fluorescence images are shown on Figure 
1.1(a) and 1.1(b).   
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Figure 1.1: Fluorescence images of polymer films and simplified geometry: a) cross-section of 600-micron 
spacing samples; b) top-view of 100-micron spacing samples (with a different filter); c) simplified cross-
section of polymer 
From the Figure 1.1(a), a bilayer structure can be seen. The dark parts on the top are UV-exposed 
parts. Crosslink of the polymer is promoted by SU-8 in these regions. They are denoted as cross-
linked regions (XL). The bright parts on the top are shadowed parts. Photomasks block UV 
exposure on these regions. Crosslink doesn’t happen. They are denoted as non-cross-linked regions 
(NXL). The bottom part has some UV exposure because of scattered UV. Crosslink is promoted 
by SU-8 partially. This region is denoted as partially-cross-linked region (PXL).  From the Figure 
1.1(b)1, a different spacing between XL regions, compared with Figure 1.1(a), can be achieved 
with a different pattern spacing on the photomasks. 
Structure of the polymer is further simplified to what is shown in Figure 1.1(c). Some geometric 
parameters are defined meanwhile. Thickness of top and bottom layers are denoted as ttop and 
tbottom. Total thickness of the polymer can be controlled by rotating speeds of spincoater. Thickness 
of each layer is related to UV dose. Width of XL and NXL regions are denoted as wxl and wnxl 
respectively. Different width are achieved by changing spacing on the photomasks. From the 
geometry, width of PXL regions can be calculated by 
𝑤𝑝𝑥𝑙 = 𝑤𝑥𝑙 + 𝑤𝑛𝑥𝑙  (1. 1) 
                                                          
1 A different filter was used. Bright part is XL and dark part is NXL 
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To calculate the total strain energy, volume of the sample needs to be defined.  The length of a 
sample is defined as 1 for the convenience of calculation. 
From the experiments, two folding modes shown in Figure 1.2 have been observed.  In the folding 
mode 1, the top layer wraps up the bottom layer in the direction which XL strips are parallel to the 
plane where bending is initiated. In the folding molding mode 2, the bottom layer wraps up the top 
layer in the direction which XL strips are normal to plane where bending is initiated. Both folding 
modes happened during the experiments. Under certain circumstances, the sample would deform 
into folding mode 1, open up and finally deform into folding mode 2.  
 
Figure 1.2: Folding modes: a) folding mode 1: top layer wraps up the bottom in parallel direction; b) folding 
mode 2: bottom layer wraps up the top in normal direction. [15] 
A bilayer-beam structure in Figure 1.3 are extracted from two folding modes for the further 
simplification. By superposition, two folding modes can be achieved from this structure. Potential 
energy will be calculated corresponding to this configuration.    
 
Figure 1.3: Bilayer-beam structure before and after bending 
1.2.2 Analytical methods 
Based on the simplified geometry, a few assumptions are proposed to make this analytical model 
compatible with Bernoulli’s beam theory and theory of linear elasticity[20]:  
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i) Central line, which is a collection of cross-section centroids , is unaltered in length;  
ii) Sectional plane, which is perpendicular to the undeformed centerline, remains plane 
and perpendicular to the deformed central line;  
iii) Materials are isotropic and linear elastic; 
iv) Radii of curvature are the same for both top and bottom layer;  
The first two assumptions are adopted from the basic assumption of Bernoulli’s beam theory and 
the third assumption makes it more convenient for analysis. The fourth assumption are made 
because thickness of the film (120microns) is small compared to radius of curvature (several 
millimeters), 
The deformed configuration of bilayer beam is shown in Figure 1.3 with annotations. The top layer 
is denoted as A. The following symbols with super scripts ‘a’ are quantities related with top layer. 
The bottom layer is denoted as B. The following symbols with super scripts ‘b’ are quantities 
related with top layer.  N1
a, N1
b are the equivalent normal traction force in x1 direction acting at the 
centroid of x1 cross-section. N3
a, N3
b are the equivalent normal traction forces in x3 direction acting 
at the centroid of x3 cross-section. M3
a, M3
b are the coupled moments in x3 direction. One needs to 
note that N1
a, N1
b, N3
a, N3
b, M3
a and M3
b are the equivalent forces and moments caused by mismatch 
strain between two layers. They are not the external traction. 
From beam bending and extension equations, we can get stress distribution along the x1 cross-
sections. The stress comes from two parts: stress caused by normal stress N1 and stress caused by 
moment M3. 
𝜎11
𝑎  =   
𝑁1
𝑎
𝐴1
𝑎  − 
𝑀3
𝑎𝑥2
𝐼1
𝑎   (1. 2) 
𝜎11
𝑏  =   
𝑁1
𝑏
𝐴1
𝑏  − 
𝑀3
𝑏𝑥2
𝐼1
𝑏   (1. 3) 
in which A1
a,A1
b are x1 cross-sectional areas and I1
a, I1
b are area moment of inertia about x3 axis. 
Similarly but without contribution from bending moments, stress distribution along the x3 cross-
sections can be found as,  
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𝜎33
𝑎  =  
𝑁3
𝑎
𝐴3
𝑎   (1. 4) 
𝜎33
𝑏  =  
𝑁3
𝑏
𝐴3
𝑏   (1. 5) 
in which A3
a,A3
b are x3 cross-sectional areas. 
From theory of linear elasticity and the constitutive law, strain components can expressed with 
stress components together with Young’s moduli and Poisson’s ratios.  
𝜀11
𝑎 =
1
𝐸𝑎
(𝜎11
𝑎 − 𝑣𝑎𝜎33
𝑎 ) + 𝛼𝑎∆𝑇  (1. 6) 
𝜀11
𝑏 =
1
𝐸𝑏
(𝜎11
𝑏 − 𝑣𝑏𝜎33
𝑏 ) + 𝛼𝑏∆𝑇  (1. 7) 
𝜀33
𝑎 =
1
𝐸𝑎
(𝜎33
𝑎 − 𝑣𝑎𝜎11
𝑎 ) + 𝛼𝑎∆𝑇  (1. 8) 
𝜀33
𝑎 =
1
𝐸𝑏
(𝜎33
𝑏 − 𝑣𝑏𝜎11
𝑏 ) + 𝛼𝑏∆𝑇  (1. 9) 
in which Ea, Eb are Young’s moduli, va, vb are Poisson’s ratios, 𝛼𝑎,  𝛼𝑏 are thermal expansion 
coefficient, ∆𝑇 is uniform temperature change.  
From force equilibrium on x1 and x3 cross-sections, we can get 2 equations 
𝑁1
𝑎 + 𝑁1
𝑏 = 0  (1. 10) 
𝑁3
𝑎 + 𝑁3
𝑏 = 0  (1. 11) 
From moment equilibrium about x3 axis, we can get 1 equation,  
𝑀1
𝑎 + 𝑀1
𝑏 − 𝑁1
𝑎
𝑡𝑎
2
+ 𝑁1
𝑏
𝑡𝑏
2
= 0  (1. 12) 
in which ta, tb are the thickness of each layer. By using generalized plane strain conditions, 
another 2 equations are obtained, 
𝜀33
𝑎 = 𝜀0  (1. 13) 
𝜀33
𝑏 = 𝜀0  (1. 14) 
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From the continuity of strain at the interface between top and bottom layer, we can get another 
equation,  
𝜀11
𝑎 |
𝑥2= −
𝑡𝑎
2
 =  𝜀11
𝑏 |
𝑥2= 
𝑡𝑏
2
   (1. 15) 
From the assumption iv), we have another equation   
𝑀1
𝑎
𝐼1
𝑎𝐸𝑎
 =
𝑀1
𝑏
𝐼1
𝑏𝐸𝑏
   (1. 16) 
In the system, we have 7 unknowns N1
a, N1b, N3
a, N3
b, M3
a, M3
b and 𝜀0. We also have 7 equations. 
The system is solvable. The solution for radius of curvature can be express with Young’s modulus 
ratio and thickness ratio between top and bottom layer. The final expression is  
𝑅 =
ℎ{−𝑚𝑛(𝑚4𝑛2 + 5𝑚3𝑛 + 𝑚2(6𝑛 + 4) + 𝑚(4𝑛 + 6) + 5) + (𝑚3𝑛 + 1)(𝑚𝑛𝑣𝑏 + 𝑣𝑎)
2 − 1}
6(𝛼𝑎 − 𝛼𝑏)𝑇(1 + 𝑚)2𝑚𝑛[1 + 𝑣𝑎 + 𝑚𝑛(1 + 𝑣𝑏)]
   (1. 17) 
in which n is the Young’s modulus ratio between top and bottom layer, m is the thickness ratio 
between top and bottom layer, and h is the thickness of entire bilayer structure. Compared with 
Timoshenko’s solution in equation(1.18) [19] for both plane stress and plane strain condition, final 
expression for generalized plane strain condition are more complex. 
𝑅 =
ℎ{3(1 + 𝑚)2 + (1 + 𝑚𝑛)(𝑚2 +
1
𝑚𝑛)}
6(𝛼𝑏 − 𝛼𝑎)𝑇(1 + 𝑚)2
  (1. 18) 
Some preliminary tests of solution for generalized plane strain condition have been done and 
shown its better accuracy compared with Timoshenko’s solution. The tests will be discussed at the 
end of this subsection.   
Based on the stress and strain distribution, total potential energy can be calculated. The total 
potential energy are defined as  
𝛱 ≡ ∫ 𝑊(𝜀)
𝑉
𝑑𝑉 − ∫ 𝑏𝑖𝑢𝑖𝑑𝑉 − 
𝑉
∫ 𝑇𝑖𝑢𝑖𝑑𝑆
𝑆𝑇
  (1. 19) 
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in which 𝑊(𝜀) is strain energy density, 𝑏𝑖 is components of body forces, 𝑇𝑖  is components of 
external traction. For this problem, no body force or external traction are applied. The potential 
energy is equal to strain energy. Therefore the potential energy is simplified as,  
𝛱 =  ∫ 𝑊(𝜀)
𝑉
𝑑𝑉  (1. 20) 
For linear elastic material, the strain energy density is defined as  
𝑊(𝜀) ≡
1
2
 𝐶𝑖𝑗𝑘𝑙𝜀𝑘𝑙𝜀𝑖𝑗 =
1
2
 𝜎𝑖𝑗𝜀𝑖𝑗  (1. 21) 
in which 𝐶𝑖𝑗𝑘𝑙 is components of stiffness tensor, 𝜀𝑖𝑗 is components of mechanical strain (different 
from thermal strain 𝛼∆𝑇 ). From the previous discussion, we know no shear stress or strain exist 
in the system. Since the structure is free x2 direction, stresses in x2 direction are zero for both top 
and bottom layer. The potential energy in terms of stress and strain components is  
𝛱 =
1
2
∫ {𝜎11
𝑎 (𝜀11
𝑎 − 𝛼𝑎∆𝑇) + 𝜎33
𝑎 (𝜀33
𝑎 − 𝛼𝑎∆𝑇) + 𝜎11
𝑏 (𝜀11
𝑏 − 𝛼𝑏∆𝑇) + 𝜎33
𝑏 (𝜀33
𝑏 − 𝛼𝑏∆𝑇)}
𝑉
𝑑𝑉  (1. 22) 
Thermal strain  𝛼𝑎∆𝑇 and  𝛼𝑏∆𝑇  are ruled out by the definition of strain energy density.  
To verify the solution for generalized plane strain condition, three bilayer beams with common 
metal materials, steel/aluminum beam, steel/copper beam and copper/aluminum beam, are 
implemented with finite element methods.  Deflection at the end of the beams and strain energy 
are calculated numerically by FEA and analytically by generalized plane strain solution and 
Timoshenko’s solution.  Comparison among three solutions is illustrated in Figure 1.4. From the 
figures, we can see solutions for generalized plane strain condition is closer to the numerical 
solutions in both deflection and strain energy.  We can conclude that this solution is more accurate 
than Timoshenko’s solution for bilayer beam bending problems.  The method for strain energy 
calculation is also verified to be correct. 
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Figure 1.4: Deflection and strain energy comparison between numerical solution, solution for generalized 
plane strain condition and Timoshenko’s solution 
To predict the more preferable folding direction, principle of minimum potential energy is applied. 
By integrating through the volume with respect to two different folding modes, potential energy 
of two modes can be calculated correspondingly. Principle of minimum potential energy states that 
the actual displacement field should minimize the potential energy among any kinematically 
admissible displacement fields. Therefore, the folding mode that gives smaller potential energy is 
the preferred folding mode.  
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1.2.3 Results and discussion 
For the parametric study effects from material properties, Young’s moduli and swelling ratio are 
normalized by fraction between material properties of cross-linked (XL)/partially-cross-linked 
(PXL) regions and those of non-cross-linked region as following:  
𝐸𝑥𝑛 =
𝐸𝑥𝑙
𝐸𝑛𝑥𝑙
  (1. 23) 
𝐸𝑝𝑛 =
𝐸𝑝𝑥𝑙
𝐸𝑛𝑥𝑙
  (1. 24) 
𝛼𝑥𝑛 =
𝛼𝑥𝑙
𝛼𝑛𝑥𝑙
  (1. 25) 
𝛼𝑝𝑛 =
𝛼𝑝𝑥𝑙
𝛼𝑛𝑥𝑙
  (1. 26) 
𝐸 is the Young’s modulus, 𝛼 is the swelling ratio. Subscripts xl, pxl and nxl stand for XL, PXL 
and NXL regions. Subscript xn stands for the ratio between XL and NXL regions and pn stands 
for the ratio between PXL and NXL regions.  
From the material properties tested by Motala and Yuan[14][15], default values of  𝐸𝑥𝑛, 𝐸𝑝𝑛, 𝛼𝑥𝑛 
and  𝛼𝑝𝑛 were 6.66, 5.01, 0.323 and 0.632.  Since young’s modulus of XL was greater than that of 
PXL,  𝐸𝑥𝑛 was always larger than  𝐸𝑝𝑛.  Swelling ratio of PXL was greater than that of XL, thus 
𝛼𝑥𝑛 was always smaller than   𝛼𝑝𝑛.  At the same time, geometric parameters as thickness of each 
layer and spacing between two XL regions remained the same through the study. 
To investigate the effects from swelling ratio of different regions, young’s moduli were set to 
default values. Both 𝛼𝑥𝑛 and  𝛼𝑝𝑛 were varied from 0 to 1. Finite element methods were used to 
generate a scatter plot in Figure 1.5(a) which shows a boundary between two folding modes. The 
boundary from analytical solution is also drawn on the figure. Similarly, to investigate the effects 
from young’s moduli of different regions, swelling ratios were set to default values. Both 𝐸𝑥𝑛 and 
 𝐸𝑝𝑛 were varied from 1 to 9.  The scatter plot from the numerical solution and the boundary from 
the analytical solution is also plot in Figure 1.5(b)  
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Figure 1.5: Scatter plot and boundaries of two folding modes: a) with respect to swelling ratio with fixed 
𝑬𝒙𝒏 = 𝟔. 𝟔𝟔 and  𝑬𝒑𝒏 = 𝟓. 𝟎𝟏 b) with respect to Young’s modulus with fixed 𝜶𝒙𝒏 = 𝟎. 𝟑𝟐𝟑 and  𝜶𝒑𝒏 = 𝟎. 𝟔𝟑𝟐  
A mismatch is found in Figure 1.5(a). The mismatch can be explained with lower strain energy 
calculated by analytical solution. In the analytical solution, stress and strain caused by interaction 
between XL/PXL beam and NXL/PXL beam were ignored. In the mathematical expression, the 
strain energy by two superposed fields can be calculated by 
𝑈(𝜀1 + 𝜀2)  = 𝑈(𝜀1) +  𝑈(𝜀2) + ∫ 𝐶𝑖𝑗𝑘𝑙𝜀𝑖𝑗
1
𝑉
𝜀𝑘𝑙
2  𝑑𝑉  (1. 27) 
in which 𝜀1, 𝜀2 are two strain fields proposed on the body. In the strain energy calculation with 
analytical solution, the last term from interaction of two fields were neglected because we 
artificially divided one beam to two different beams. Therefore, the calculated strain energy for 
both folding modes was lower than the real value.  Since the interaction between two beams was 
not addressed in the analytical solution, deduction in strain energy could not be evaluated. 
To get better understanding of effects from material properties, young’s modulus and swelling 
ratio of each region were modified to see changes of the boundary between two folding modes. 
Young’s modulus of XL was modified by varying 𝐸𝑥𝑛  from 1 to 10 and properties of other 
materials remained the same. Similarly, young’s modulus of PXL was modified by varying 𝐸𝑝𝑛  
from 1 to 10 and properties of other materials remained the same. Changes of the boundary are 
illustrated in Figure 1.6(a) and (b) respectively. Above the boundary is the folding mode 1.  From 
 
  
12 
 
the figure, we can conclude that increasing young’s modulus of XL or PXL relatively with respect 
to NXL will make folding mode 1 more preferable at the lower swelling ratios of XL and PXL.  
 
Figure 1.6: Changes of boundaries between two folding modes with different 𝑬𝒙𝒏 and  𝑬𝒑𝒏: (a) increasing 𝑬𝒙𝒏 
from 1 to 10 with  𝑬𝒑𝒏 = 𝟓.𝟎𝟏; (b) increasing 𝑬𝒑𝒏 from 1 to 10 with 𝑬𝒙𝒏 = 𝟔. 𝟔𝟔  
In the similar way, swelling ratio of XL was modified by varying 𝛼𝑥𝑛  from 0 to 1 and properties 
of other materials remained the same. Swelling ratio of PXL was modified by varying 𝛼𝑝𝒏  from 
0 to 1 and properties of other materials remained the same. Changes of the boundary are illustrated 
in Figure 1.7(a) and (b) respectively. Above the boundary is the folding mode 1.  From the figure, 
we can conclude that increasing swelling of XL relatively with respect to NXL will make folding 
mode 2 more preferable at the lower young’s moduli of XL and PXL. However increasing swelling 
of PXL relatively with respect to NXL will make folding mode 1 more preferable at the lower 
young’s moduli of XL and PXL. 
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Figure 1.7: Changes of boundaries between two folding modes with different 𝜶𝒙𝒏 and𝜶𝒑𝒏: (a) increasing 𝜶𝒙𝒏 
from 0 to 1 with  𝜶𝒑𝒏 = 𝟎. 𝟔𝟑𝟐  ; (b) increasing𝜶𝒑𝒏 from 0 to 1 with 𝜶𝒙𝒏 = 𝟎. 𝟑𝟐𝟑  
1.3 Experimental calibration of radius of curvature 
PDMS/SU-8 films were fabricated to do calibration of radius of curvature. In this subsection, 
fabrication procedures and experimental setup will be introduced in details. Calibration results will 
be demonstrated and discussed. 
1.3.1 Sample fabrication 
Polymer films were fabrication with PDMS and SU-8 mixture. After UV exposure with a mask 
aligner and a photomask, films with patterns were cut by cutting fixtures to make final samples.    
First, a plastic Petri dish was placed on a scale and a certain mass of PDMS base, say 14 grams, 
was added; then curing agent of PDMS was put into the dish with 1:10 mass ratio, for example 1.4 
grams curing agent for 14 grams PDMS base; after that SU-8 25 was added with 30% total mass 
of mixture, say 6.6 grams SU-8 for 22 grams mixture; next three chemicals PDMS base, curing 
agent and SU-8 were stirred with a mixer for 10 minutes until the mixture was uniform and showed 
milky color.  Finally, the mixture was put into a vacuum chamber to remove bubbles inside for 30 
minutes. Mixture before and after stirring and after degassing is shown in Figure 1.8. Aluminum 
foil was used on top of petri dish to prevent UV exposure from natural light.  
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Figure 1.8: Mixture of PDMS/SU-8 at different steps: (a) mixture before stirring; transparent liquid is the 
PDMS; yellow liquid is SU-8; (b) mixture after stirring; mixture turns to be milk white; bubbles present on the 
surface; (c) mixture after degassing; bubbles are removed by vacuum. Mixture is in a disposable plastic petri 
dish 
After mixture was made, it was coated onto glass slides to make thin films. First, Kapton tapes 
was put onto glass slides. Polymer films were easier to be peeled off with Kapton tapes on glass 
slides. Kapton tapes were chosen because they could survive high temperature during curing and 
post baking. To prevent bubbles between the glass slides and tape, we used the back of a single-
side razor blade to push against the tape when we applied the tape on the glass slides. Then 
spincoater was set to be 1500 rpm for the coating speed and 30 seconds for coating time.  The glass 
slide was placed on the spindle of spincoater with the middle at the center. After that, the mixture 
was poured onto glass slides. The spincoater was turned on and the mixture spread out uniformly. 
Glass slide preparation, distribution of mixture before spincoatting and final glass slides are 
demonstrated in Figure 1.9.  
 
Figure 1.9: Glass slides at different process: (a) apply Kapton tape on the glass slide; back of a razor blade 
pushes against glass slides to remove bubbles; (b) mixture distributed on glass slides; center and two ends 
of glass slides have mixture; (c) glass slide with thin film after spincoatting 
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Next, one piece of paper towel was placed onto a glass petri dish. The paper towel was used to 
prevent glass slides stick onto the petri dish after curing. Glass slides were placed onto the paper 
towel with two tweezers. Aluminum foil covered the petri dish to block natural lights again. 
Finally, five glass slides were placed in a petri dish covered with aluminum foil. The glass petri 
dishes were sent into a curing oven for two-hour curing at 75 degrees Celsius. The glass petri dish 
is shown in Figure 1.10 at different steps. 
 
Figure 1.10: Glass petri dish: (a) empty dish with aluminum cover on the left and paper towel inside; (b) dish 
with 5 samples inside after curing; the picture was taken in cleanroom  
After two-hour curing, PDMS/SU-8 samples were transferred to cleanroom for UV exposure. First, 
a photomask was attached to a mask holder which had a 60mm*60mm exposure window by 
vacuum. On the photomask, seven different patterns were designed. They all had 10-micron-width 
slots but different spacing between two slots, 30, 60,100,150,200,400 and 600 microns 
respectively. Then one glass slide with polymer film on top was aligned with the photomask 
according to alignment marks. Disposable tapes were used to keep glass slides attached to the 
photomask. After that, a chuck inside the mask aligner was removed. Otherwise the chuck would 
push glass slides again the photomask and break the mask. The mask holder, together with the 
photomask and glass slide, was assembled onto the mask aligner. Next, energy channel with 
10mW/mm2 energy density was chosen. Exposure time was set to be 45 seconds. UV exposure 
was carried out accordingly. Finally, the exposed samples are placed onto an oven at 110 degree 
Celsius for post baking. Cutting fixtures, which are shown in Figure 1.11, were used to make 
polymer films into samples. Glass slides were assembled onto the alignment board at the bottom 
of fixtures. After the punch, cuts were made onto films. With two punches from two fixtures, 
samples were made and left on the glass slides for the experiments. Sample cutting was done in 
cleanroom to prevent exposure from natural lights. 
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Figure 1.11: Sample cutting fixture: (a) front view of the fixture; (b) bottom view of the fixture 
1.3.2 Experimental setup and image processing methods 
Experiment setup is shown in the Figure 1.12.  A camera on the tripod was set close to a fume 
hood. To avoid distortion caused by curved surface of the beaker, a beaker with a diameter of 
25mm was chosen because the largest dimension of samples was 20mm. At the bottom of the 
beaker, a quarter coin was deposited together with PDMS as a benchmark for calibration. To have 
the same height as the camera, the beaker was placed on a plastic bottle. A piece of black rubber 
was placed behind the small beaker to make better contrast. Toluene was added to the beaker.   
 
Figure 1.12: Experiment setup for radius of curvature calibration 
To carry out the experiment, the camera was turned on to start taking a video first. Then one sample 
was peeled off from the glass slide with tweezers and put into the toluene solution immediately to 
avoid exposure from natural lights. After that, the camera recorded deformation of the sample 
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inside toluene. Finally, a photo of the final profile of the sample was taken for the measurement 
and calibration. Photos of final profiles are illustrated in Figure 1.13. 
 
Figure 1.13: Final profiles of samples with different XL spacing in the toluene 
Images of final profiles were processed by ImageJ. First, a vertical line was drawn from the top 
surface to the bottom surface of the coin to measure the thickness. The measurement was in the 
unit of pixel. Since we had known the thickness of the coin in millimeter, the conversion between 
two units was established in the software. Then a circle was drawn to fit the circular cross section 
of the final profile. The radius in pixel was obtained. The calibration procedures were illustrated 
in Figure 1.14(a).  Finally, the radius in pixel was converted to millimeter with the conversion 
established by coin thickness calibration.  
 
Figure 1.14:  Image processing procedures: (a) vertical line for pixel and millimeter conversion; (b) diameter 
calibration by circular fitting 
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1.3.3 Results and discussion 
Diameters were obtained by image processing and are scattered in Figure 1.15(a). When spacing 
between two XL regions are small, say less than 100 microns, correlation between diameter and 
spacing is not well established. The smallest diameter presents at the spacing of 60 microns. 
However, when the spacing is greater than 100 microns but less than 600 microns, it shows a 
monotonic increasing correlation between spacing and diameter. In the figure, blue error bars show 
variation and mean values. We can also notice that, the larger diameters have greater variation. 
For further exploration of polymer films, pattern spacing between 100 microns and 200 microns 
are recommended.  
 
Figure 1.15: Spacing and diameter scattering with 30%wt SU-8: (a) with Aluminum cover during curing 
process (b) without Aluminum cover during curing process 
The variation came from both fabrication and measurement. Firstly, natural UV exposure caused 
variation in the material properties. Extra natural UV exposure presented during the fabrication 
and testing. PDMS and SU-8 were mixed and spincoatted in a normal laboratory. When we carried 
out the experiments, UV could also cause some changes in samples. The variation can be seen 
from Figure 1.15(b). The samples were cured without aluminum cover, which could block natural 
UV exposure. Apparent increase in variation presented for all samples with different spacing. 
Therefore, aluminum cover was necessary to get a consistent results. More consistent results could 
be expected if all procedures, besides controlled UV exposure, were conducted in a UV-free 
environment. Secondly, cylindrical beakers were used in the experiment. The curved surface of 
the beakers magnified the features insides the beakers when we took photos of samples. The curved 
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surface also made it hard for the camera to focus on the samples precisely. Therefore a container 
with flat surface would give advantages over beakers. Thirdly, final profiles are not perfectly 
circular, fitting those profiles with circles caused some errors.  
1.4 FEA prediction and experimental calibration of folding angle 
Most of shell structures like package boxes, water tanks, and square tubes can be regarded as a 
combination of surfaces and angles. Flat surfaces are easy to achieve if no pattern is introduced to 
the polymer film. However, to control the folding angle, delicate pattern design and experimental 
calibration are required. To make more complex structures in the future, the method to control 
folding angles was explored by changing the exposure geometry.  First, FEA models were 
developed to predict the effects of changing each geometric parameter. Then it found that angles 
were more controllable by changing the pattern length and pattern spacing. After that, a photomask 
including different pattern lengths was designed and manufactured. Experiments were carried out 
to calibrate the relationship between pattern lengths and folding angles. Finally, results from FEA 
prediction and experiments were compared and discussed.  
One simple method is that instead of patterning the entire film, different material properties are 
only introduced to a narrow strip. The patterned region can achieve curved surface, but unpatterned 
region will remain flat. Therefore an angular shape can be achieved. The length of patterned region 
L will be controlled. The conceptual design and expected folding shape are demonstrated in Figure 
1.16. 
 
Figure 1.16: Conceptual design and expected folding shape  
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1.4.1 Preliminary FEA implement  
Three geometrical parameters can be varied by changing fabrication methods, length of patterned 
region (L), spacing between two XL regions (S) and thickness ratio between top and bottom layers 
(ttop/tbottom). Before the real experiments, finite element models were developed to find the 
parameters which could give the most predictable angular folding behavior.  
In the model, length of polymer samples was set to be 20mm, width to be 8mm, and thickness to 
be 120microns. In previous experiment for calibration of radius of curvature, the most consistent 
samples had pattern region with length (L) of 16mm, spacing (S) between two XL regions 100 
microns, and thickness ratio (ttop / tbottom) as 1.  Pattern length, spacing and thickness ratio were 
changed to explore their effects on folding angles respectively. The parameter combination is 
chosen as shown in Table 1.1.  
Table 1.1: Parameters for controlled-variable approach 
Pattern Length Study Spacing study Thickness Ratio study 
Spacing 100 microns 
Pattern 
Length 
1mm Length 1mm 
Thickness 
ratio 
1 
Thickness 
ratio 
1 Spacing 100microns 
Pattern Length Spacing Thickness Ratio 
Sample #1 0.5mm Sample #1 75 microns Sample #1 1:2 
Sample #2 1mm Sample #2 100 microns Sample #2 1:3 
Sample #3 1.5mm Sample #3 150 microns Sample #3 1:1 
Sample #4 2mm Sample #4 200 microns Sample #4 2:1 
To simulate swelling of polymers in solvent, swelling expansion was treated as thermal expansion 
because of governing equations for both mechanism were the same, except that swelling expansion 
was concentration-controlled but thermal expansion was temperature-controlled. After 
normalization concentration and temperature, the polymer would extend to the final volume which 
could be achieved by swelling in the solvent, after the temperature was increased by 1 degree 
Kelvin. Equivalent thermal coefficients was calculated for different materials. Other material 
properties were measured by experiments. They are demonstrated in Table 1.2.  
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Table 1.2: Material properties of XL, NXL and PXL Polymers 
 Young’s Modulus Poisson’s Ratio Equivalent Thermal Expansion 
XL 20MPa 0.499 0.057 
PXL 15MPa 0.499 0.176 
NXL 5MPa 0.499 0.177 
3D shell element was used to build the samples because thickness (120mircons) was much smaller 
than length (20mm) and width (8mm) of polymer film. One quarter of the sample was made since 
the structure was symmetric. Then the structure was divided into three different regions based on 
the analytical model discussed in previous sections. Different regions are shown in Figure 1.17 
together with boundary conditions.  They are NXL material over NXL material in green part, NXL 
material over PXL material in white part, and XL material over PXL material in red part. Region 
division was achieved by partition, which required a new sketch on the existing surface. Pattern 
length and spacing were varied by changing sketches of partition. Sections in ABAQUS were 
defined as composite shell type. In this way, materials for different layers, layer thickness and 
layer orientation were defined. Thickness ratio were manipulated by defining thickness of different 
layers. After sections were defined, they were assigned to different regions correspondingly. 
The part was assembled and a general static step was chosen. Boundary conditions were applied 
as shown in Figure 1.17. X-axis symmetry was applied on left vertical edge and Y-axis symmetry 
was applied on bottom horizontal edge. Temperature increase of entire structure were applied by 
pre-defined field. The temperature of whole film was increased by 1 degree Kelvin.  
 
Figure 1.17: Material sections and boundary conditions of quart of the sample 
Red and white regions were small compared to the green region. However, they had greatest stress 
and displacement gradients during the process. Therefore mesh density was required to be higher 
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in red and white regions than that of green region. Instead of choosing a very small size of global 
seed, edges were seeded respectively. For the short edges of both red and white regions, 4 seeds 
were added on each of them. For the long edges of red and white regions, the size of seed was 
chosen to be 0.1mm. Similarly both long and short edges of green regions were seeded with a size 
of 0.2mm. Quad-domain element shape was chosen and element type was standard linear shell 
element (S4R). A part of meshed sample is demonstrated in Figure 1.18. The rectangles on the left 
are meshed on the red and white regions and arbitrary quad shapes are meshed on the green region. 
In this way, the number of elements were reduced and sufficient mesh density was guaranteed on 
red and white regions. 
 
Figure 1.18: Different mesh on different regions on the sample 
After meshing, a job was created and submitted. 10 different modes were made in ABAQUS. Some 
modification in sketch and section parameters were made in accordance with parameters in Table 
1.1. Final shapes of 10 different samples were obtained. The results are shown with respect to 
pattern length, thickness ratio and spacing respectively in Figure 1.19.  From the preliminary 
numerical results, we found that changing pattern length, spacing and thickness ratio gave obvious 
changes in final angles. However, changing thickness ratio could not be controlled well with UV 
exposure because there was no sharp material boundaries between XL/PXL and NX/PXL in the 
real samples. We determined to study the effects from changing pattern length and spacing. 
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Figure 1.19: Final profiles of polymer samples with different pattern length, spacing and thickness ratio from 
top to bottom 
 
 
1.4.2  Sample preparation, experimental setup and image processing  
Samples were prepared with the same procedures as described in the subsection 1.3.1 but with a 
different photomask. The photomask had eight different combinations of pattern length and 
spacing as shown in Table 1.3.  The pattern lengths were chosen in accordance with the diameters 
calibrated in the subsection 1.3.3. 
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Table 1.3: Pattern length and spacing  
Pattern Number 1 2 3 4 
Pattern length 
(microns) 
1962.5 1570 1177.5 785 
Spacing 
(microns) 
100  100  100  100  
Pattern Number 5 6 7 8 
Pattern length 
(microns) 
2616.7 2093.3 1570 1046.7 
Spacing 
(microns) 
200  200  200  200  
We continued using the previous experimental setup and procedures from the subsection 1.3.2. 
For each sample, a picture was taken to record the final angle which are shown in Figure 1.20.  
 
Figure 1.20: Final angles of different patterns 
Pictures of final angles were processed by ImageJ for angle measurement as shown in Figure 1.21. 
For angle measurement, no conversion between pixel and metric units was required. 
 
Figure 1.21: Angle measurement in ImageJ 
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1.4.3 Results and discussion 
Pictures of final angles were processed and results were scattered in Figure 1.22 with respect to 
pattern length at two different spacing 100 microns and 200 microns. Mean and standard deviation 
were calculated and error bar was added in accordance with two values. Then scattered data were 
fitted into a linear relation as shown in the figures.  
 
Figure 1.22: Final angles in degrees as a function of pattern length: (a) for 100-micron-spacing; (b) for 200-
micron-spacing; 
From the figure we can see that for both spacing, final angles decrease with increasing pattern 
length. However, 100-micron-spacing has a greater decreasing rate than 200-micron-spacing. The 
linear relationship and different decreasing rate can be understood with the idealized geometry 
shown in Figure 1.23. AB is an arc at a center O with a radius of r. PA and PB are tangential to the 
arc at point A and B respectively.  In this case, angle 𝜃 between PA and PB is the final angle 
measured in ImageJ. 
 
Figure 1.23: Idealized geometry of final angle 
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For a given radius of curvature r, the angle 𝜃 is a function of arc length l and radius r in the 
following equation. The slope of linear relationship is the negative reverse of radius of curvature.  
 
𝜃 = 𝜋 − 𝛼 =  −
𝑙
𝑟
+ 𝜋  (1. 28) 
In previous subsection of calibration of radius of curvature, 100-micron-spacing samples have a 
smaller radius (around 1.75mm) than that of 200-micron-spacing samples (around 2.25 mm). If 
we assume the radius remains the same, the decreasing rate of 100-micron-spacing should be 
higher and it is consistent with the angular calibration. However, if we applied the calibrated radius 
to calculate decreasing rate, the corresponding rate for 100 and 200-micron spacing was 0.0327 
and 0.0255 degree/micron respectively. The calculated rates were both smaller than the 
experimental rates, 0.0597 and 0.0426 degree/micron respectively, by 0.017 degree/micron. It 
meant that calibrated radius was larger than real one. The magnification from curved surface of 
containers should be the reason for that. 
After the experimental calibration was finished, the finite element models were implemented again 
with different pattern length at 100 and 200 micron spacing. The final angles from finite element 
models were measured by ImageJ and fitted into a line in the same way. Numerical results were 
compared with experimental results respectively as shown in Figure 1.24.  
 
Figure 1.24: Comparison between numerical and experimental results: (a) for 100-micron-spacing; (b) for 
200-micron-spacing 
 
  
27 
 
For 100-micron spacing, numerical and experimental results matched each other well. However 
for 200-micron spacing, there was some mismatch. The mismatch came from invalidity of 
simplified geometry in numerical models. When the spacing between two XL regions increases, 
PXL regions should be limited to certain regions beneath XL regions instead of the entire bottom 
layer. Meanwhile, all regions XL, PXL and NXL has material property gradients instead of sharp 
material boundaries between each other. Numerical model didn’t take irregular shapes of material 
property gradients into consideration, which made it less accurate. However, shapes of material 
property gradients were difficult to be characterized and implemented in the numerical models.  
1.5 Origami with Polymer film 
Origami is the traditional art to turn a two-dimensional plane to a three-dimensional structure with 
crease patterns. The boundary of origami has pushed forwards by mathematical 
models[21][22][23]. More complex structures can be achieved by origami. The concept of origami 
has been used in structure design in large scales to solve engineering problems, especially volume 
restricted problems and multi-structure transformation. Examples include deployable solar panels 
[24][25], flexible lithium ion batteries [26]and medical stents[27]. Application of origami in 
engineering gives a new angle to appreciate the traditional art. However, the actuation for the 
origami in different scales is still a problem for embracing those application. In small scales, the 
Lorentz forces[28][29], capillary forces[29][30], and different volume expansion[31] in by layer 
structures have been used for the actuation of origami. We want to apply our polymer films for the 
origami actuation because crease patterns share the same functionality with exposure patterns in 
term of folding planes into angles.  
Based on the angle calibration of polymer films and crease patterns from origami, more complex 
three-dimensional structures can be achieved by exposure pattern design. In this subsection, a 
structure with one degree of freedom (1DOF) as shown in Figure 1.25 were fabricated. A square-
shape surface with given edge length was divided into eight regions first with four creases. Red 
creases and green creases were folded into opposite directions. The angles of creases with the same 
colors remained the same. By changing one surface angle at one creases, remaining angles would 
be changed corresponding. If one geometrical parameter were determined, all other parameter 
were determined at the same time.  
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Figure 1.25: One-degree-of- freedom origami structure: (a) crease pattern; (b) (c) (d) structures determined by 
different surface angles 
A mathematical model were developed to explore relationship between surface angles.  Exposure 
patterns were designed to have specific angles in accordance with mathematical relationship. The 
samples were cut into circular shapes and structures were finally achieved with different surface 
angles. The results will be demonstrated at the end. 
1.5.1 Surface angle relationship 
A mathematical model based on three-dimensional geometry was developed to explore the 
relationship of surface angles in this 1DOF structure.  A Cartesian coordinate was built as shown 
in Figure 1.26.  In the model, vertex H is the center of the unfolded square. The other ends of four 
green creases fall onto one plane xy because green creases are axisymmetric. The normal vector of 
plane xy through vertex H determines the z axis and origin O. Then we connect the origin with the 
ends of two green creases A and B to get x and y axis. Next we draw a diagonal line between x and 
y axis. The diagonal line and line OH determines the symmetric plane of two triangular pyramid 
OAPH and OBPH.  Because in each flat surface determined by adjacent red and green creases, the 
angle between two creases remains to be 45 degrees. That is angle BHP and AHP are always 45 
degrees.  The location of vertex P is determined in this way. Finally the entire structure are built 
by mirroring the shape OAPBH by different planes. We need to find the angle between surface 
AHP and surface BHP, the angle between surface BHP and BHP’ and the relationship between 
two angles. 
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Figure 1.26:  1DOF structure in Cartesian coordinate 
For convenience of calculation, the length of edge HB and HA is assumed to be 1, the length of 
edge HO is h, and the coordinate of vertex P is (p,p,0) because it is on the diagonal line. Then the 
length of all edges in structure OAPBH can be expressed in terms of h and p as following:  
𝐻𝐴 = 𝐻𝐵 = 1  (1. 29) 
𝑂𝐻 = ℎ  (1. 30) 
𝑂𝑃 = √2𝑝  (1. 31)  
 𝑂𝐴 = 𝑂𝐵 = √1 − ℎ2  (1. 32) 
 𝐴𝑃 = 𝐵𝑃 = √(𝑝 − √1 − ℎ2 )
2
+ 𝑝2  (1. 33) 
𝐻𝑃 = √ℎ2 + 2𝑝2  (1. 34) 
Then the law of cosine is applied in triangle PHB and because angle PHB is 45 degrees,  
𝐵𝑃2  = 𝐻𝑃2 + 𝐻𝐵2 − 2𝐻𝑃 ∗ 𝐻𝐵 ∗ 𝑐𝑜𝑠
𝜋
4
  (1. 35) 
With the above equations, we can find the relationship between p and h.  Next the normal vectors 
of plane HAP, HBP and HBP’ are necessary for calculation of surface angles. We suppose the 
normal vector of plane HAP to be 𝑁𝐻𝐴𝑃⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑   = (a, b, c) in coordinate form. We have two known vectors 
in plane HAP.  
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𝐻𝑃⃑⃑⃑⃑⃑⃑ = (𝑝, 𝑝, −ℎ);   𝐻𝐴⃑⃑⃑⃑⃑⃑ = (√1 − ℎ2 , 0 , −ℎ)  (1. 36) 
From the properties of normal vectors, we know 
𝑁𝐻𝐴𝑃⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑   ∙  𝐻𝑃⃑⃑⃑⃑⃑⃑ = 𝑝𝑎 + 𝑝𝑏 − ℎ𝑐 = 0  (1. 37) 
 𝑁𝐻𝐴𝑃⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑    ∙  𝐻𝐴⃑⃑⃑⃑⃑⃑ = 𝑎 √1 − ℎ2 − ℎ𝑐 = 0  (1. 38) 
We can express a and b in terms of c, h and p. Then the normal vector of plane HAP is  
𝑁𝐻𝐴𝑃⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑   = (
ℎ
√1 − ℎ2
 , −
ℎ
𝑝
− 
ℎ
√1 − ℎ2
, 1)   (1. 39) 
Similarly we can get the normal vectors of other two planes HBP and HBP’. 
𝑁𝐻𝐵𝑃⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  = ( 
ℎ
𝑝
−
ℎ
√1 − ℎ2
,
ℎ
√1 − ℎ2
, 1)  (1. 40) 
𝑁𝐻𝐵𝑃′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  = ( −
ℎ
𝑝
+
ℎ
√1 − ℎ2
,
ℎ
√1 − ℎ2
, 1) (1. 41) 
After we get the normal vectors, we can calculated the cosine of surface angles. For surface angle 
𝛼 between plane HAP and HBP, we can get 
𝑐𝑜𝑠 𝛼 =  
𝑁𝐻𝐴𝑃⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑   ∙ 𝑁𝐻𝐵𝑃⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  
‖𝑁𝐻𝐵𝑃⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ‖ ∗ ‖𝑁𝐻𝐴𝑃⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ‖
  (1. 42) 
Similarly, for surface angle 𝛽 between plane HBP and HBP’, we get  
𝑐𝑜𝑠 𝛽 =  
𝑁𝐻𝐵𝑃⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑   ∙ 𝑁𝐻𝐵𝑃′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  
‖𝑁𝐻𝐵𝑃⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ‖ ∗ ‖𝑁𝐻𝐵𝑃′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ‖
  (1. 43) 
Given the range of angle 𝛼 from 0 to 180 degrees and angle 𝛽 from 90 to 180 degrees, two angles 
as a function of h is shown in Figure 1.27. The relationship of two angles is also demonstrated in 
the figure.  
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Figure 1.27: Angle relationship for 1DOF structure: (a) two surface angles as a function of normalized height 
h; (b) relationship of two surface angles  
For both angles, we had problems with singularity in calculation when h got close to 1. The 
singularity came when we normalized the normal vectors of three planes. However, this problem 
did not hurt the calculation significantly. 
1.5.2 Exposure pattern and photomask design 
Red and green creases had the opposite folding directions. Therefore exposure on both sides of 
polymer samples were required. To have specific folding angles, the exposure pattern was 
designed according to the angle relationship from the mathematical model and angle calibration 
results from previous experiments. For one example, if we want to have the surface angle 𝛼 
between surface HAP and HBP to be 120 degrees, we can read from Figure 1.27 (b) that the surface 
angle 𝛽 between surface HBP and HBP’ should be 155 degrees. Then we want to achieve these 
two angles with two exposure patterns. We refer to Figure 1.24 and get that the pattern length for 
120 and 155 degrees are 982.8 and 421.9 microns at 100-micron spacing pattern. Similarly, we 
found pattern length for different angle combinations. Finally the patterns for different 
combinations needed to be placed on a three-inch photomask together with sufficient marks for 
glass slide alignment.  
A photomask is shown in Figure 1.28. It was a 75mm*75mm mask. The edge length of the mask 
was the same with the length of standard glass slides (75*25mm), which made it convenient for 
alignment. Exposure patterns were confined within a 60*60mm exposure window because of the 
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size of mask holders. The exposure window was divided into nine regions. An exposure pattern 
was placed at the center of each region. Since exposure patterns were required on both sides of 
samples, alignment between patterns on top and bottom sides was very important. Alignment 
marks and locations of patterns were deliberately designed. Two patterns with the same color were 
the patterns on top and bottom sides of the samples.  The alignment marks for the two patterns had 
the same color as the exposure patterns. For one example, green exposure patterns was expected 
on the sample. First, a glass slide with the polymer film and the mask were aligned for the first 
time. Four green alignment marks presented at four corner of the glass slide when it was well 
aligned with the photomask. Then we did the UV exposure on the top side of polymer film.  Pattern 
1 and pattern 3 would be introduced on two ends of the glass slides. Next, we flipped the glass 
slide, rotated it about the center by 180 degrees horizontally and aligned it with the mask again. 
Finally, we did the exposure on the bottom side of polymer film. Because the glass slides was 
rotated by 180 degrees, regions with pattern 1 on the top would have pattern 3 on the bottom. 
Similarly, regions with pattern 3 on the top would have pattern 1 on the bottom. In this way, two 
samples could be made with twice exposure. Alignment between glass slides and the mask was 
easier by using four alignment marks at the corner only.  
 
Figure 1.28: Exposure patterns and photomasks: (a) the conceptual design of photomask: patterns with the 
same colors are patterns on top and bottom polymer films (b) the real photomask 
Fabrication procedures and experiment setup were the same as those discussed in subsection 1.3.2 
except that transparent tapes were used for the glass slides coating because exposure patterns were 
required on the bottom of polymer films. After exposure on the top side of samples, glass slides 
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were flipped and aligned with the mask again to conduct exposure on the bottom side. From 
experiments, we found that exposure from the top and the bottom did not affect the results, which 
implied that glass slides and transparent tape did not reduce the UV intensity dramatically. 
However, the samples were more adhesive to transparent tape than to Kapton tape, which made it 
more difficult to peel off samples. 
1.5.3 Results and discussion 
Experimental results were close to our expectation. According to the appearance of samples in the 
solvents, the folding process was divided into four stages: inward folding (folding mode 1 
discussed in subsection 1.2.1); flattening; upward folding (folding mode 2 discussed in subsection 
1.2.1); jumping up. Experiments were recorded by a camera. Snapshots of experiment videos were 
made to show the different stages of folding as shown in Figure 1.29.  
The inward folding happened instantaneously as the samples was dropped into the solvents from 
0 to 4 seconds. Exposure patterns should give a folding direction parallel to the patterns. Even 
though we had patterns on the top and bottom sides of samples, inward folding happened only on 
the top side because pattern width on the top was larger than that on the bottom therefore inward 
folding on the bottom side was overridden. Then the sample was flatten by itself in next 6 seconds. 
After that, exposure patterns gave a folding direction normal to the patterns. The patterns on top 
side started folding downwards and the patterns on the bottom side started folding upwards. The 
folding in this direction last about 40 seconds. Finally, the samples was detached with the bottom 
and jumped up to form a flower shape. The jump up took less than 1 second to finish. The 
experiment was repeated by different samples with the same exposure patterns and exposure time. 
Consistency of experiments were verified. 
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Figure 1.29: 1DOF Origami folding process: 1 inward folding; 2 flattening; 3 upward folding; 4 jumping up 
Misalignment of top and bottom patterns was the major source of variance. Glass sides were 
aligned to the mask according to the alignment marks by hands. Centers of bottom-side patterns 
could not be aligned with those of top-side patterns perfectly. The typical solution for double-side 
alignment is the computer-aided system to memorize positions of samples after top-side exposure 
is finished. Users can align the backside of the samples according to the memorized positions. 
When we dropped the samples into solvents with tweezers, some part of samples touched the 
solvent firsts. Swelling was not uniformed across the samples. It was the reason why some part of 
samples reached the final stages earlier than other part. In some cases, the ununiformed swelling 
caused the wrong folding directions. In the experiment, we tried to drop samples very quick to 
minimize this effect. A new device could be developed to release the samples.  
Based on the previous analysis and experiments, methods were applied to explore more complex 
structure like Miura sheet. The crease pattern, final shape and folding process of a real sample is 
shown in Figure 1.30.  
 
Figure 1.30: Miura sheet folding pattern, final shape and folding process 
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1.6 Future work 
In this work, a simplified geometry of polymer with XL, PXL and NXL regions were used in both 
analytical model and finite element models. However, the simplified geometry was not always 
valid for all exposure patterns, especially when spacing between two XL regions are very large. 
To address this problem, a new geometry model shown in Figure 1.31 was proposed. Instead of 
assuming the bottom layer as a uniform PXL layer, some NXL regions could present at the bottom 
layer. The new geometry was more reasonable than the simplified geometry when we increased 
the spacing. However, the new geometry requires one more parameter, the width of PXL region 
Wpxl. More material property characterization is required to investigate the relationship between 
Wxl and Wpxl at different spacing and exposure time. Once the relationship was established, the new 
geometry could be implemented in both analytical and finite element models. It would enhance 
the capability of both models to predict behaviors of this polymer film in solvents.  
 
Figure 1.31: New geometry for more accurate analytical and numerical models 
Even though the experimental results gave smaller ranges of error than what Motala[14] did, 
consistence of experiments can be improved. Since the film is sensitive to UV light exposure, 
experiments can be carried out in a UV-free environment. A cleanroom for nanolithography might 
be a good place. Or one can find some UV-light filters and cover all light sources in one room to 
reduced extra UV exposure. Cyclic tests of samples can also be performed in a UV-free 
environment. Samples were disposed after the experiment currently. If experiments were 
conducted in a UV-free environment, samples could be soaked and dried for several cycles without 
material property changes caused by UV lights. One can observe the changes caused by cyclic 
soaking, which is important for future application.  
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This polymer film has two opposite folding directions. The two folding directions can be transited. 
However, experimental work had mainly focused on the final folding directions of samples. 
Unstable folding directions and transition between two directions were not well studied. The 
transition happened very fast in Toluene because swelling ratio was high. If one wanted to observe 
the transition with more details, other solvents with smaller swelling ratio, such as 2-Butanone and 
Ethyl acetate[14], were recommended to slow down the transition.  
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Chapter 2 : Failure of Silicon Anodes in Lithium Battery 
2.1 Introduction 
Current lithium batteries consist of graphite anodes, metal cathodes and lithium ion electrolyte. 
The battery is rechargeable. When the battery is charged, lithium ions go from metal cathodes to 
anodes. The anodes are lithiated. When the battery is discharged, lithium ions go from anodes to 
cathodes. The anodes are delithiated.[32][33] Since lithium has a low molar mass 6.94g/mol, it 
gives higher energy density compared to other rechargeable batteries, for example lead-acid 
battery for automobiles. Most portable electronic devices are using lithium battery because of its 
large energy density. However, energy density is still a limit for application like electric 
vehicles.[32] Long charging time of the battery is another limit for the board application. Lithium 
battery with higher energy density and shorter charging time has been expected and investigated 
extensively.  
One promising way to enhance the energy density to use silicon instead of graphite as the anodes 
because silicon has the highest known theoretical charge capacity, which is more than 10 times of 
that of graphite.[34][35] However, silicon has up to 300% volume expansion after lithiation. If we 
continued using the structure of graphite anodes, expansion of silicon would introduce mismatch 
strain and stress between silicon and substrate. [34][35][36][37] The stress would finally lead to 
fracture of silicon and functional failure of the anode. To reduce stress and avoid fracture, a 
nanorod structure was proposed by Cui[34]. The distance between rods were designed and allowed 
silicon to expand during the lithiation without causing fracture. Liu[38] proposed a nanotube 
structure recently. The nanotube was fabricated with the same amount of silicon. But it had both 
inner and outer surface. Shorter charging time was expected for the larger surface/volume ratio. 
When nanotube structures were tested, shorter charging time was verified. Another interesting 
result was that nanotube structures could sustain larger number of charging-discharging cycles 
before fracture happened. It means the nanotube structure gives some advantages in mechanics 
over the nanorod structure.   
To investigate the failure of silicon anode caused by mismatch strain and stress, a finite element 
model has been developed. An analytical model based on theory of elasticity helps to verify the 
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necessity of finite element model. In this chapter, numerical and analytical models will be 
demonstrated. For the future development of silicon anodes, a configuration described by a 
sinusoidal functions will be presented at the end. 
2.2 FEA model for stress and strain evolution 
2.2.1 FEA implement 
Lithiation process and material properties of lithiated silicon were studied by literature review. 
Lithiation process is a reaction-rate controlled process[33][39][40][41]. Lithium ion is always 
sufficient for the reaction. A reaction front between lithiated silicon and pure silicon is found 
experimentally, which is shown in Figure 2.1. Compared to the diameters of nanorod (37.4nm) 
and nanotube (inner 25nm and outer 45nm), thickness of reaction front, which is around 1nm, is 
negligible. It can be considered as a material boundary between lithiated and pure silicon. 
Furthermore, the lithiation process can be regarded as changing locations of material boundary 
from the surfaces to the core of anodes.  Only two sets of material properties were required for the 
presence of material boundary. One set was for pure silicon and another for lithiated silicon. From 
the previous tests by other researchers, lithiated silicon is a ductile material with yielding stress of 
500MPa. [37][40][42][43] In models by other researchers, lithiated silicon was assumed to be 
linear elastic and perfectly plastic.  
 
Figure 2.1: Reaction front in the lithiation process[39] 
Difference of the nanorod and nanotube comes from the cross-sections. Instead of modeling three-
dimensional structures, two dimensional models of cross-sections were developed. Since both 
cross-sections are symmetric, only a quarter of cross section was used in the model.  2D planar 
part was chosen in Abaqus with deformable shell features. The inner and outer radii of nanotube 
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were adopted from the experiment. They were 25nm and 45nm respectively. An equivalent 
nanorod had an outer radius of 37.4nm to have the same amount of silicon.  To determine locations 
of material boundary, a non-dimensional value, thickness ratio was defined as shown in Figure 
2.2.   
 
Figure 2.2: Definition of thickness ratio for rod and tube: yellow regions are lithiated silicon LixSi; green 
regions are pure silicon 
Even though reaction rates are different in different crystalline directions, the same reaction rate 
was assumed because amorphous silicon was used for fabrication. Radius of rod was known, 
locations of material boundary could be easily determined with thickness ratio. Inner and outer 
radii of tube were known. One more equation was required to find thickness of lithiated silicon on 
both sides. From the assumption of the same reaction rate, the same amount of silicon is lithiated 
on both side. In this case, the area of inner and outer lithiated silicon rings was the same. Therefore 
we had 
𝜋[𝑅1
2 − (𝑅1 − 𝑡1)
2] = 𝜋[(𝑅2 + 𝑡2)
2 − 𝑅2
2]  (2. 1) 
With this equation, locations of material boundaries was determined on both sides of pure silicon. 
By surface partition, material boundaries are implemented which is shown in Figure 2.3. Two 
different material pure silicon and lithiated were defined with parameters in Table 2.1 and assigned 
to corresponding regions.  The volume expansion was treated as thermal expansion. Expansion 
coefficient was determined to match 300% volume expansion after lithiation. By increasing 1 
degree Kelvin, a unit volume of lithiated silicon (1*1*1 cube) would achieve the final volume 
of   (1 +  0.6)3  ≈ 4.  
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Table 2.1: Material properties of silicon and lithiated silicon  [35][37] 
 Silicon Lithiated Silicon 
Behavior Linear elastic Linear elastic perfectly plastic 
Young’s modulus 80GPa 15GPa 
Poisson ratio 0.22 0.17 
Yielding stress - 0.5GPa 
Expansion Coefficient 0 0.6 
 
Boundary conditions for both rod and tube are symmetric conditions on vertical and horizontal 
edges of the cross sections. It was easy to implement symmetric boundary conditions. It was 
another reason to choose a quart of cross section in the model. A uniform temperature field of 1 
degree Kelvin was applied.  Material boundaries, boundary conditions and temperature field are 
demonstrated in Figure 2.3.  
 
Figure 2.3:  Material boundaries, boundary conditions and temperature fields: green regions are lithiated 
silicon; gray regions are pure silicon 
The part was meshed with linear quad elements. Different mesh density was chosen for pure silicon 
and lithiated silicon regarding to their geometrical dimensions. Plane stress condition was chosen 
for both structure for the convenience of von Mise stress comparison. 
2.2.2 Results and discussion 
Lithiated silicon was assumed to be linear elastic and perfectly plastic. When von Mises stress in 
the lithiated silicon is greater than yielding stress (0.5GPa), plastic deformation occurs and von 
Mises stress remains to be 0.5GPa for the assumption of perfectly plasticity. Fracture won’t happen 
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until the plastic strain reaches the ultimate strain of the material. However, pure silicon is brittle 
material. When maximum principal stress overpasses the ultimate tensile stress (around 7GPa), 
fracture will occurs. Failure of lithiated silicon is related with plastic strain and failure of pure 
silicon is related with maximum principal stress. Therefore, two quantities are compared 
respectively. 
Maximum principal stress evolution during the lithiation process is illustrated in Figure 2.4. Color 
bars are different for nanotube and nanorod. For both structures, maximum stress happens at the 
pure silicon regions. The maximum value of nanotube is greater than that of nanorod. However, 
the highest maximum principal stress in the pure silicon is below ultimate tensile stress in both 
structures. This is consistent with experimental observation that no cracks were present during the 
first lithiation cycle. 
 
Figure 2.4: Maximum principal stress in nanotube and nanorod: (a) stress contours on deformed shapes 
during lithiation as a function of thickness ratio; (b) stress values as a function of thickness ratio. The Si 
nanotube (standard) has a 90 nm outer diameter, and 20 nm thick Si wall. The equivalent Si nanorod (same 
amount of silicon) has an outer diameter of 74.8 nm. The in situ SEM observation Si nanotube has an 
820nmouter diameter, and a 75 nm thick Si wall. 
Plastic strain evolution is illustrated in Figure 2.5. For both structures, maximum plastic strain 
happens at the interface between lithiated and pure silicon. When thickness ratio is smaller than 
0.6, plastic strain in both structures increases gradually. When thickness ratio is larger than 0.6, 
plastic strain in nanorod increase dramatically. However, no obvious increase of plastic strain 
happens in nanotube structure. More plastic strain was accumulated in rod structure after each 
lithiation cycle.  
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Figure 2.5: Plastic strain in nanotube and nanorod: (a) plastic strain contours on deformed shapes during 
lithiation as a function of thickness ratio; (b) plastic strain values as a function of thickness ratio 
Failure of two structures can be explained by low-cycle fatigue theory, which applies to total cycle 
to failure fewer than 103.  Low cycle fatigue is governed by the empirical Coffin-Manson relation:  
𝛥𝜀𝑝
2
=  𝜀𝑓
′(2𝑁)𝑐    (2. 2) 
where  
Δ𝜀𝑝
2
  is the plastic strain amplitude, 𝜀𝑓
′   is the fatigue ductility coefficient, which is a 
constant, c is fatigue ductility exponent, which is a negative empirical constant, and N is the 
number of cycles to failure. With this equation, we can expect larger number of cycles before 
failure with smaller magnitude of plastic strain.  Since nanotube structure has a smaller plastic 
strain accumulated after each cycle, it has a longer lifetime. This agrees with experimental results. 
2.3 Analytical model for stress distribution 
Both structures are axis-symmetric, it is feasible to develop an analytical model to simplify failure 
analysis. The model was developed by assuming linear elasticity. The finite element models were 
changed to compare two solutions. In this subsection, the model and comparison will be 
demonstrated. 
Analytical solution of a tube under pressure has been developed by Timoshenko. [20] A tube with 
inner radius of 𝑎 and out radius of 𝑏 is under internal pressure of  𝑝𝑖 and external pressure of  𝑝𝑜, 
as it is shown in Figure 2.6.  The solutions of radial stress 𝜎𝑟 and hoop stress  𝜎𝜃  are also given in 
the figure. 
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Figure 2.6: Setup of analytical solution  
𝜎𝑟 =
𝑎2𝑏2(𝑝𝑖 − 𝑝𝑜)
𝑏2 − 𝑎2
1
𝑟2
 +  
𝑝𝑖𝑎
2 − 𝑝𝑜𝑏
2
𝑏2 − 𝑎2
  (2. 3) 
𝜎𝜃 = −
𝑎2𝑏2(𝑝𝑖 − 𝑝𝑜)
𝑏2 − 𝑎2
1
𝑟2
+
𝑝𝑖𝑎
2 − 𝑝𝑜𝑏
2
𝑏2 − 𝑎2
  (2. 4)  
Nanotube structure can be simplified as shown in Figure 2.7. With boundary conditions and 
continuity requirement, solution for radial stress and hoop stress were obtained by principle of 
superposition. 
 
Figure 2.7: Superposition of ring structure, boundary conditions and continuity requirement 
The radial stress distribution at different thickness ratio from analytical solution and numerical 
solution as a function of distance from the tube center is demonstrated in Figure 2.8. Even though 
analytical solution gave a similar distribution with numerical solutions at each thickness ratio, the 
large difference in magnitude shows invalidity of the analytical solution.  
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Figure 2.8: Radial stress distribution at different thickness ratio as a function of distance from the tube 
center: (a) from analytical solution; (b) from finite element method 
In Timoshenko’s solution, deformation is assumed to be small and negligible. This assumption 
was adopted automatically in this solution. However, the volume change of silicon after lithiation 
is up to 400%, which made this assumption invalid. Since we put more constrain on the structure 
by the assumption of small deformation, higher stress can be expected. Meanwhile, the analytical 
solution did take plastic deformation into consideration. It is essential to have numerical solution 
discussed in section 2.2.   
2.4 Future work 
From previous discussion, we know the failure of silicon anodes can be controlled by plastic strain. 
Structures that can reduce plastic strain will be beneficial. To further improve surface and volume 
ratio, a sinusoidal function can be used to describe inner surface of the anode, where A, B and C 
are three design parameters.  
𝑟(𝜃) = 𝐴 ∗ 𝑠𝑖𝑛(𝐵𝜃) + 𝐶  (2. 5) 
Each combination of three parameters can be implemented in the finite element model, as it shown 
in Figure 2.9.  Stress and plastic strain can be calculated correspondingly. By trading off the surface 
area, stress, and plastic strain, an optimal configuration can be achieved. 
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Figure 2.9: Configuration of inner surface from sinusoidal function with A = 2, B=6 and C=10: (a) shape of 
inner surface; (b) plastic strain distribution of the configuration 
In the Figure 2.4 of plastic strain distribution, the plastic strain didn’t remain in the lithiated silicon 
except that at the interface with pure silicon, because continuous lithiation process was divided 
into 20 steps artificially. In each step, a new model was made with different locations of material 
boundary updated manually.  With user-defined subroutine, one can update material boundary 
automatically in the model. It can be more realistic. The model only studied the first lithiation 
cycle. The accumulation of plastic strain was not presented as a function of cycles. One can put 
more steps into the model and obtain the accumulation effects of plastic strain. 
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Chapter 3 :  Modified Mohr-Coulomb Criterion  
3.1 Introduction 
Different failure criteria have been established to predict failure of materials. Von Mises and 
Tresca criteria are the most commonly applied failure criteria.[44][45][46] Both criteria use the 
maximum shear stress of a certain material as a critical value. If an equivalent stress calculated by 
different criteria overrides the maximum shear stress, failure of material is expected. The 
maximum shear stress of the material is assumed to be a constant in both criteria. This assumption 
works well for ductile materials, say, metals.[45] However, the assumption is not valid for brittle 
materials, such as rocks and rubbers. Maximum shear stress of rocks depends greatly on loading 
conditions, which causes von Mises and Tresca criteria inaccurate to predict failure. Therefore 
Mohr-Coulomb criterion is preferred to predict failure of brittle material, since it assumes the 
maximum failure stress is a function of principal stresses. [47][48][49] 
Failure of rocks is an important topic in geology. To get better understanding of failure criteria, 
many experiments have been conducted on different types of rocks, such as Dunham Dolomite, 
Solenhofen Limestone, and Yunbari Shale.[50] Rock samples were compressed until failure. 
Loading cells kept records of compressive stress. Experimental data revealed the relationship 
between maximum shear stress and effective stress. It also helped to verify Mohr-Coulomb 
criterion. 
Earthquake mechanism is closely related to failure of rocks. From previous observation, geologists 
find frequency of earthquakes changes along the depth of crust and mantle. Frequency has two 
peaks at depth of 10 – 20 km and 590 – 600km.[51][52] A new theory based on mismatch strain 
between crust and mantle was proposed by Song[53] to explain this phenomenon . In their model, 
crust and mantle had different volume reduction at different depth of the earth. Stress in crust was 
caused by the mismatch between crust and mantle and varied along the depth. At the same time, 
crust and mantle were under different compressive pressure and thus had different maximum 
failure stress along the depth. When the stress was greater than the maximum failure stress at the 
same depth, more frequent earthquakes were expected at that depth. They had built a numerical 
model to calculate stress in crust at different depth. A failure criterion was necessary to predict 
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failure stress at different depth. In this chapter, a nonlinear Mohr – Coulomb failure envelope will 
be demonstrated.  
3.2 Failure criteria, envelopes and surfaces 
If a material sample under a uniaxial loading in the direction of 𝑒1⃑⃑  ⃑, yielding of the material occurs 
when  
𝜎11 ≥ 𝜎𝑦  (3. 1) 
in which 𝜎𝑦  is defined as yielding stress. It is the most simple failure criterion for yielding. 
However, multiaxial loading is more common than uniaxial loading in real problems. Thus, an 
equivalent stress which can represent loading condition and a critical stress beyond which yielding 
occurs are two essential issues of failure criteria for multiaxial loading. In this section, Tresca, von 
Mises and Mohr-Coulomb failure criteria will be discussed in aspect of equivalent stress 
calculation, critical stress definition, shape of failure envelopes and failure surfaces. 
3.2.1 Tresca criterion  
Tresca criterion, also called maximum shear stress criterion, states that yielding starts when the 
maximum shear stress  in the material 𝜏𝑚𝑎𝑥  equals the maximum shear stress at yielding in a 
simple tension test 𝜏𝑦. From Mohr’s circle, maximum shear stress is calculated by  
𝜏𝑚𝑎𝑥 = 
𝜎𝑚𝑎𝑥 − 𝜎𝑚𝑖𝑛 
2
  (3. 2) 
in which 𝜎𝑚𝑎𝑥, 𝜎𝑚𝑖𝑛  are maximum and minimum principal stress. For a plane stress loading 
condition ( 𝜎33 = 𝜎32 = 𝜎31 =  0 ), maximum shear stress can be calculated considering 
compressive and tensile stress as shown in Table 3.1,  where 𝜎1 and 𝜎2 are principal stress. 
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Table 3.1: Maximum shear stress calculation 
𝜎1 𝜎2 2𝜏𝑚𝑎𝑥 
>0 >0 𝜎1 or 𝜎2 
<0 >0 𝜎2 − 𝜎1 
<0 <0 - 𝜎1 or - 𝜎2 
>0 <0 𝜎1 − 𝜎2 
A failure envelope of Tresca criterion can be drawn Figure 3.1. Inside the envelope, stresses will 
not yield the material. For conditions other than plane stress (𝜎3 is a nonzero value), 𝜏𝑚𝑎𝑥 can be 
calculated with more complex methods. A failure surface can be drawn. The failure surface is 
shown in Figure 3.2 together with von Mises yielding surface. 
 
Figure 3.1: Yielding Envelope of Tresca and von Mises criteria in plane stress condition  
3.2.2 Von Mises criterion  
Von Mises criterion, also called maximum distortion/shear energy criterion, states that yielding 
starts when the maximum distortion/shear energy in the material 𝑊𝑑,𝑚𝑎𝑥  equals the maximum 
distortion/shear energy at yielding in a simple tension test    𝑊𝑑,𝑦 . Distortion energy can be 
expressed in term of stresses as following: 
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 𝑊𝑑,𝑚𝑎𝑥 = 
1
12𝐺
[(𝜎11 − 𝜎22)
2 + (𝜎11 − 𝜎33)
2 + (𝜎22 − 𝜎33)
2 + 6(𝜎12
2 + 𝜎13
2 + 𝜎23
2 )]   (3. 3) 
where  𝜎ij are components in stress tensors.  Distortion energy in a simple tension condition can 
be expressed in yielding stress. 
𝑊𝑑,𝑦 =
1
12𝐺
[(𝜎𝑦 − 0)
2
+ (𝜎𝑦 − 0)
2
] =
1
6𝐺
𝜎𝑦
2   (3. 4) 
Therefore the general form of von Mises criterion is  
[(𝜎11 − 𝜎22)
2 + (𝜎11 − 𝜎33)
2 + (𝜎22 − 𝜎33)
2 + 6(𝜎12
2 + 𝜎13
2 + 𝜎23
2 )] = 2𝜎𝑦
2  (3. 5) 
By coordinate transformation, stress components can be simplified with three principal stress. 
Distortion energy in term of principal stress is given as:    
𝑊𝑑,𝑚𝑎𝑥 =  
1
12𝐺
[(𝜎1 − 𝜎2)
2 + (𝜎1 − 𝜎3)
2 + (𝜎2 − 𝜎3)
2]   (3. 6) 
For plane stress condition, when 𝜎3 equals to 0,   the failure criterion can be further simplified as 
𝜎1
2 + 𝜎2
2 − 𝜎1𝜎2 = 𝜎𝑦
2  (3. 7) 
which has an elliptical failure envelope shown in Figure 3.1. Failure surfaces of two criteria in 
general cases are shown in Figure 3.2. From the both figures, von Mises criterion has a greater 
regions compared to Tresca criterion, which means it has a looser restriction. 
 
Figure 3.2: Yielding surfaces of two criteria in general cases. Adopted from "Yield surfaces" by Rswarbrick - Own work, 
based on Yield_surfaces.png. Licensed under CC BY-SA 3.0  
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3.2.3 Mohr-Coulomb criterion  
Coulomb proposed the relationship between maximum shear stress 𝜏𝑚𝑎𝑥 and uniaxial compressive 
stress 𝜎 based on his observation on retaining walls.  
𝜏𝑚𝑎𝑥 = 𝑆0 + 𝜎 𝑡𝑎𝑛 𝜑 (3. 8) 
in which 𝑆0 is the inherent shear strength and 𝜑 is the angle of internal friction. For multiaxial 
loading, Mohr’s circles can describe different loading conditions with three principal stresses 
𝜎𝐼 , 𝜎𝐼𝐼  and 𝜎𝐼𝐼𝐼 . Three stresses have an order that 𝜎𝐼  is the largest and 𝜎𝐼𝐼𝐼  is the smallest. By 
plotting the relationship and Mohr’s circle in one plane in Figure 3.3, the relationship can be further 
derived with principal stresses from geometry as following 
𝜎𝐼 − 𝜎𝐼𝐼𝐼
2
=  (
𝜎𝐼 + 𝜎𝐼𝐼𝐼
2
+
𝑆0𝑐𝑜𝑠𝜑
𝑠𝑖𝑛𝜑
) 𝑠𝑖𝑛𝜑  (3. 9) 
  𝜏𝑚𝑎𝑥  = 𝜎𝑚𝑠𝑖𝑛𝜑 + 𝑆0𝑐𝑜𝑠𝜑  (3. 10) 
in which 𝜎𝑚 is mean stress of 𝜎𝐼 and 𝜎𝐼𝐼𝐼. For a certain mean stress, a corresponding maximum 
shear stress can be obtained from the relationship above. Fracture occurs when shear stress reaches 
the maximum. The yielding envelope is tangential to the Mohr’s circle.   
 
Figure 3.3:  Failure Envelope of Mohr –Coulomb Criterion 
For three principal stresses 𝜎1, 𝜎2 and 𝜎3 without order in magnitude, the failure criteria can be 
expressed with six equations. 
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±
𝜎1 − 𝜎2
2
 =
𝜎1 + 𝜎2
2
𝑠𝑖𝑛𝜑 + 𝑆0𝑐𝑜𝑠𝜑  (3. 11) 
±
𝜎1 − 𝜎3
2
 =
𝜎1 + 𝜎3
2
𝑠𝑖𝑛𝜑 + 𝑆0𝑐𝑜𝑠𝜑  (3. 12) 
±
𝜎2 − 𝜎3
2
 =
𝜎3 + 𝜎2
2
𝑠𝑖𝑛𝜑 + 𝑆0𝑐𝑜𝑠𝜑  (3. 13) 
Six equations give a surface shown in Figure 3.4.  Since Mohr-Coulomb criterion is used to 
predicted failure of brittle material under compressive loading, both failure envelop and surface 
choose compression as positive direction of stress.  
 
Figure 3.4: Failure surface of Mohr-Coulomb Criterion in general case[47] 
From the above discussion, it requires only one material property, maximum shear stress 𝜎𝑦, to 
determine yielding envelopes and surfaces for von Mises and Tresca criteria. Since von Mises 
criterion uses one universal expression for equivalent stress regardless of magnitude and 
directions, it is more widely used to predict failure. Mohr-Coulomb criterion requires one more 
parameters, angle of internal friction 𝜑.  However, it has closer approximation to experimental 
results from compressive tests on brittle materials, compared to other two criteria. 
3.3 Experimental results from literature 
Experiments were conducted on five types of rocks, Dunham dolemite, Solenhofen limestone, 
Shirahama sandstone, Yuubari shale, and KTB amphibolite. Three compressive stress were loaded 
on samples. Two smaller compressive stresses, 𝜎𝐼𝐼 and 𝜎𝐼𝐼𝐼, were controlled.  𝜎𝐼 was increased to 
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cause failure of rocks and final 𝜎𝐼 was recorded. After changing controlled stresses 𝜎𝐼𝐼 and 𝜎𝐼𝐼𝐼, 
experiments were repeated.   
From Mohr-Coulomb criterion, a relationship between 𝜎𝐼 and 𝜎𝐼𝐼𝐼 can be found.  
𝜎𝐼 = 
𝜎𝐼𝐼𝐼(1 + 𝑠𝑖𝑛𝜑)
1 − 𝑠𝑖𝑛𝜑
+
2𝑆0𝑐𝑜𝑠𝜑
1 − 𝑠𝑖𝑛𝜑
  (3. 14) 
For the convenience of calculation, this relationship was further simplified as 
𝜎𝐼 =  𝐴 +  𝐵𝜎𝐼𝐼𝐼  (3. 15) 
Both equations are independent of 𝜎𝐼𝐼.  The theoretical failure envelope and experimental data are 
demonstrated in Figure 3.5.  
 
Figure 3.5: Theoretical failure envelopes and experimental results of Shirahama sandstone and Yunbari 
shale: straight horizontal lines are theoretical envelopes[50] 
The above figures show experimental data of Shirahama sandstone and Yunbari Shale fit well with 
theoretical envelopes, which can verify that Mohr-Coulomb criterion gives a good failure 
envelope. However, experimental data also have some fluctuation with   𝜎𝐼𝐼.  This fluctuation 
varies a lot from different types of rocks[50].  Figure 3.6 shows experimental results of Dunham 
dolemite. The fluctuation with 𝜎𝐼𝐼  is too large to consider Mohr-Coulomb criterion as a good 
approximation.  Therefore it is necessary to check if properties of rocks depend a lot on 𝜎𝐼𝐼 
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Figure 3.6: Theoretical failure envelopes and experimental results of Dunham dolemite [50] 
3.4 Nonlinear Mohr-Coulomb failure envelope for earthquake frequency 
From records of earthquakes in recent forty years, geologists find that earthquake frequency 
changes along the depth.  Figure3.7 illustrates the variation in frequency.  Earthquake frequency 
has two peaks, one at the shallow earth around 20km and another one at the depth around 600km.  
 
Figure 3.7: Depth distribution of global seismicity[51][52][53] 
To explain this frequency distribution, Song[53] developed a subducting crust and mantle model. 
Crust and mantle on the shallow earth form a slab, which can be regarded as a bilayer beam. 
Thickness of crust is one tenth of mantle in the slab. Then crust-mantle slab subducts into the deep 
mantle. The model is illustrated in Figure 3.8. 
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Figure 3.8: Subducting crust and mantle model 
Since confining pressure increases along the depth, the slab experiences several phase changes. 
Phase changes lead to reduction of volume in crust-mantle slab.[53] However, volume reduction 
of crust and mantle at certain depth is different for their different properties. Volume reduction of 
crust and mantle is listed in Table 3.2. Different volume reduction between two layers results in 
large mismatch stress at the interface between crust and mantle. Stress varies along the depth. At 
the same time, crust and mantle were under different compressive pressure and thus had different 
maximum failure stress along the depth. When the stress was greater than the maximum failure 
stress at the same depth, more frequent earthquakes were expected at that depth. 
Table 3.2:  Volume reduction of crust and mantle at different depth [53] 
Crust Mantle 
Depth(km) Reduction Depth(km) Reduction 
30-100 -15% 200-410 -3% 
300 -4% 410 -5% 
250-450 -5% 520 -1.5% 
  670 -9% 
Stress at different depth could be obtained with finite element simulation. The remaining work was 
to find a failure envelope, beyond which earthquake happened. To get a failure envelope at 
different depth, the first assumption was made that confining pressure  𝜎𝐼𝐼𝐼, inherent shear strength 
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𝑆0  and internal friction coefficient 𝜇0 =  𝑡𝑎𝑛𝜑   were functions of depth  ℎ  only. By this 
assumption, maximum failure stress can be expressed as  
𝜏𝑚𝑎𝑥 = 𝑆0(ℎ) + 𝜎𝐼𝐼𝐼(ℎ) 𝑡𝑎𝑛 𝜑(ℎ)  (3. 16) 
Relationship between confining pressure and depth was obtained by integrating weight along the 
depth. From previous observation, volume change at different depth is plotted in Figure 3.9. The 
relationship could be approximated as two linear relationship.  
 
Figure 3.9: Volume change at different depth [53] 
By assuming that no mass was lost during the subduction, density change could be obtained from  
𝜌
𝜌0
=
𝑀
𝑉
𝑀
𝑉0
=
𝑉0
𝑉
  (3. 17) 
where 𝑀 is the mass of the slab, 𝑉0 and 𝑉 are initial and final volume, 𝜌0 and 𝜌  are initial and 
final density. Average density at the earth surface 𝜌0 is 2650 kg/m3[54]. Density at each depth 
could be calculated. By integrating weight along the depth, confining pressure is found. Confining 
pressure was plotted in Figure 3.10.  
𝜎𝐼𝐼𝐼 = ∫ 𝜌𝑔ℎ 𝑑ℎ  
ℎ
0
(3. 18) 
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Figure 3.10: Confining pressure at different depth 
Even though many experiments measuring Mohr-Coulomb parameters have been done on different 
types of rocks, range of confining pressure is limited and no experiments have been conducted on 
rocks at different depth. These situations make it difficult to find specific inherent shear stress and 
internal friction coefficient at different depth or confining pressure. In one previous experiment on 
Indian limestone, maximum compressive stress was measured at different confining pressure. Data 
points were fitted to different failure criteria in Figure 3.11 (a). One line can be drawn between 
each two adjacent points. From that line, an inherent shear strength 𝑆0   and internal friction 
coefficient 𝜇0 =  𝑡𝑎𝑛𝜑   can be obtained. The inherent shear strength and internal friction 
coefficient at different depth were obtained in the same methods and were fitted into functions as 
shown in Figure 3.11(b) and 3.11(c). 
 
  
57 
 
 
Figure 3.11: Experimental data on Indian limestone: (a) experimental data and failure criteria by other 
researcher; (b) internal friction coefficient as a function of depth; (c) inherent stress as a function of 
depth[49] 
At one depth, confining pressure 𝜎𝐼𝐼𝐼(ℎ) can determined with Figure 3.10; two Mohr-Coulomb 
parameters, inherent stress 𝑆0(ℎ) and internal friction coefficient  tan𝜑(ℎ), can be calculated with 
Figure 3.11(b) and (c).  The failure envelop was obtained in Figure 3.12 by following equation,  
𝜏𝑚𝑎𝑥 = 𝑆0(ℎ) + 𝜎𝐼𝐼𝐼(ℎ) 𝑡𝑎𝑛 𝜑(ℎ)  (3. 19) 
 
 
Figure 3.12: Failure envelope and expected stress curve along depth 
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From the figure, we can notice the non-linearity of the failure envelope. The failure stress increases 
gently before 20km. Then a dramatic increase happens at the range from 20km to 80km. The 
increase becomes gentle after 80km. The shape gives the possibility to explain the earthquake 
distribution along the depth. We can expect a stress curve shown in Figure 3.12. The stress 
increases dramatically at first and passes the failure envelope. At the depth where stress passes the 
envelope, the first peak of earthquake frequency can be expected.  Stress increases gently and goes 
back within the envelope until it passes the envelope again. At that point, the second peak can be 
expected. In this way, two peaks in the distribution could be explained in the prospective from 
mechanics. 
3.5 Future work 
Drawback of this failure criterion came from insufficient experimental data to obtain real 
relationship inherent shear stress, internal friction coefficient and confining pressure, especially at 
the larger depth. One practical way to solve this problem is to find more experimental data on 
different types of rocks from literature. Two Mohr Coulomb parameters, inherent stress 𝑆0(ℎ) and 
internal friction coefficient  tan𝜑(ℎ), can be calculated with respect to different rocks, which is 
shown in Figure 3.13.  If most of rocks show similar relationship, this failure criterion can be 
generalized to other rocks or composition of rocks. The failure criterion will be more applicable.  
 
Figure 3.13:  Experimental data on different rocks: (a) internal friction coefficient as a function of confining 
pressure; (c) inherent stress as a function of confining pressure[50] 
The missing stress data and confining pressure at different depth could not verify this criterion. 
We would expect geologists to make more valid numerical models to calculate stress caused by 
different volume reduction. Or the real measurement can be done onsite. 
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